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ABSTRACT
We consider a type of Padé approximations over polynomial
rings over fields, dubbed “2D Padé approximations”, which
generalise both simultaneous and Hermitian Padé approximations. This form is related to but distinct from both
matrix-Padé approximations as well as order bases. These
approximations occur in e.g. decoding of algebraic codes.
We demonstrate how to solve such approximations using row reduction of polynomial matrices, and we review
the achieved asymptotic complexity when using various fast,
known methods for this.
We take a closer look at the Mulders–Storjohann for row
reduction and show that its complexity is linked to the orthogonality defect of the input matrix, implying that it is
fast when applied to 2D Padé approximations. We design
a new algorithm, which essentially carries out the computations performed by Mulders–Storjohann in a demand-driven
manner, yielding an algorithm which is often even faster.
This algorithm could be considered as a heavy generalisation of the classical Berlekamp–Massey algorithm.
We also consider “weighted” variants of 2D Padé approximations, and it is shown how the considered algorithms can
handle this with very little speed penalty.

Categories and Subject Descriptors
I.1.2 [Symbolic and Algebraic Mainpulation]: Algorithms; F.2.1 [Analysis of Algorithms and Problem
Complexity]: Numerical Algorithms and Problems

General Terms
Algorithms, Theory
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INTRODUCTION
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Let F be a field. We consider the following “2D Padé
approximation” problem: given S = [Si,j ] ∈ F[x]ρ×σ and
G1 , . . . , Gσ ∈ F[x] we are seeking (Λ1 , . . . , Λρ , Ω1 , . . . , Ωσ ) ∈
F[x]ρ+σ such that
ρ
X

Λi Si,j ≡ Ωj

mod Gj ,

for j = 1, . . . , σ

(1)

i=1

We are specifically interested in such vectors which have low
degrees. More precisely, we will be considering two types of
these equations: the symmetric and the asymmetric. We
will consider both in a general “weighted” form, but first we
discuss the simpler, unweighted case.
For the symmetric type, we are interested in such a vector
of minimal degree, i.e. minimising maxi,j {deg Λi , deg Ωj }.
For the asymmetric type, we likewise seek the vector of
minimal degree but subject to maxi {deg Λi } > maxj {deg Ωj }.
This problem directly generalises a number of well-known
approximation problems over polynomial rings, see Table 1.
These occur naturally in a number of settings, e.g. control
theory. In algebraic coding theory, solving the so-called
“key equation” has for more than 40 years been used for
minimum-distance decoding of Reed–Solomon, Goppa and
other algebraic codes. It is a classical Padé approximation
but it is of asymmetric type and often modulo a general
polynomial (and not a power of x). Classically, this equation is solved using the Berlekamp–Massey algorithm [4], or
the extended Euclidean algorithm [18]. Recently, generalisations of this equation have been identified in list-decoding of
Reed–Solomon codes [15, 19] or interleaved codes [16], usually solved using ad-hoc generalisations of the Berlekamp–
Massey algorithm. In the PhD thesis of the author, such
usage was systematised and extended to (list-)decoding of
more general algebraic-geometry codes, utilising the full generality of the definition of 2D Padé approximations [12]1 .
The 2D Padé approximation is of similar expressive power
as the general approximation problems matrix Padé and order bases. We compare closer with these in Section 1.2. Following work on these, we will put the 2D Padé approximation problem into a module theoretic framework and solve
them using row reduction of polynomial matrices. For a
given problem, the matrix to reduce will have size (ρ + σ) ×
(ρ + σ) and degree maxj {deg Gj }. We will demonstrate
this in Section 2. The definition of 2D Padé approximation
is here seen to naturally fit with the lattice formulation.
In fact, 2D Padé approximations can be solved by any of
1
In that work, the name “2D key equation” was used for our
problem, owing to the focus on coding theory.

Some approximation problems as 2D Padé
Name

Type

Classical Padé [2]
Hermite Padé [2]
Simultaneous Padé [2]
Key equation (KE) [4, 14, 18]
Multi-LFSR [6, 16]
A–G KE
Roth–Ruckenstein KE [15]
Roth–Ruckenstein KE Ext. [19]

S
S
S
A
A
A
S
S

Complexity for solving a weighted 2D Padé approximation

Specialisations

Algorithm

Field operations in big-O∼

ρ = σ = 1, G1 = xd
σ = 1, G1 = xd
ρ = 1, Gj = xdj
ρ = σ = 1,
ρ = 1, Gj = xdj
ρ = σ = 1,
σ = 1, G1 = xd
Gj = xdj

Mulders–Storjohann
Demand–Driven
Alekhnovich
GJV or Zhou–Labahn

ρ(ρ + σ)2 γ 2
ρ2 (ρ + σ)γPG (γ)
M(ρ + σ)P(ργ)
M(ρ + σ)P(γ)

Table 1: For type, “S” refers to symmetric and “A”
asymmetric.

the aforementioned general approximation problems, but it
would be at the cost of larger, more indirect lattices.
Row reduction can be carried out by a number of algorithms: the Mulders–Storjohann algorithm [10] is generally
asymptotically good when not using fast multiplication techniques. It is subject to a divide & conquer speedup, given by
Alekhnovich [1]. When the matrix has small dimension compared to the degrees of its entries, the asymptotically fastest
is the Las Vegas algorithm by Giorgi, Jeannerod and Villard [8] (the GJV), or the deterministic algorithm by Zhou
and Labahn [20], both of which also employ fast multiplication2 . We will see that applying all these algorithms for
solving 2D Padé approximations will have the complexities
as given in Table 2. There, and in the rest of the paper, P(n)
is the complexity of multiplying two polynomials of degree
at most n, while M(m) is the complexity of multiplying two
matrices in Fm×m . Also, O∼ refers to big-O with logarithmic factors omitted, and #supp(G) for some G ∈ F[x] is the
number of non-zero monomials in G.
The complexity of applying the GJV or Zhou–Labahn will
follow generically. However, for the Mulders–Storjohann, we
will show that it performs better than expected on matrices resulting from 2D Padé approximations. This is done
by pointing out with a new analysis that the algorithm’s
complexity is directly linked to the orthogonality defect of
the input matrix. This also carries over to Alekhnovich’s
algorithm.
A main result of the paper is a recasting of the Mulders–
Storjohann algorithm specifically for 2D Padé approximations. The intermediate results of the Mulders–Storjohann
turn out to be highly redundant for such a matrix, which
means that we could instead compute most of it on demand.
The resulting “Demand–Driven” algorithm is an asymptotic
improvement for many relative sizes of the approximation
problem’s parameters, as well as having a very low hidden
constant and low memory complexity.
In applications, e.g. in many of those from coding theory, one needs to shift the relative importance of the degrees of the Λi and Ωj ; for this, we introduce weights: η =
(η1 , . . . , ηρ ) ∈ Nρ0 and µ = (µ1 , . . . µσ ) ∈ Nσ0 , as well as
ν ∈ Z+ . For the symmetric type, we now wish to minimise
max{ν deg Λi + ηi , ν deg Ωj + µj }
i,j

For the asymmetric type, we wish to minimise the same but
2
These two algorithms compute “order bases”, which can be
used for row reduction. See also Section 1.2.

Table 2: Here, γ = maxj {deg Gj } in the unweighted case, and γ = max{η1 /ν, . . . , ηρ /ν, deg G1 +
µ1 /ν, . . . , deg Gσ + µσ /ν} in general.
PG (γ) is the
cheaper of P(γ) and O(γ maxj {#supp(Gj )}).
subject to
max{ν deg Λi + ηi } > max{ν deg Ωj + µj }
i

j

Notice that ν emulates allowing fractional weights in a highly
controlled manner.
We will show in Section 5 two mappings which embed
these weights into the matrix to be row reduced. The first
is simple but will generically incur an overhead of at least
a factor ν in the complexity. We therefore derive from it a
slightly more involved mapping which embeds the weights
with practically no overhead. Finally, in Section 5.1 we show
how the weights can be handled by the new demand–driven
algorithm.
The special case of weighted 2D Padé approximations with
ρ = 1 were investigated by the author in [11] where also a
simpler version of the Demand–Driven algorithm was presented.

1.1

Notation

For v = (v1 , . . . , vm ) ∈ F[x]m , let deg v = maxi {deg vi },
and similarly for V = [vi,j ] ∈ F[x]n×m then deg V = maxi,j {
deg vi,j }. We
Pwill also deal with row-degrees of matrices:
rowdeg V = n
i=1 deg vi where the vi are the rows of V .
By the leading position LP(v), we will mean the rightmost element of v which has degree deg v. This breaking of
ties should be kept in mind; it has subtle effects in e.g. Section 5. From this we let LT(v) = vLP(v) . For a polynomial
P p
h
p = deg
h=0 ph x ∈ F[x], then LC(p) = pdeg p .
We will be working with free F[x]-modules which are subsets of F[x]m . When we say “module” we will always mean
such a module, and we will be representing bases of them
by matrices whose rows are basis elements. We will refer to
such matrices directly as “bases”.

1.2

Relation to other approximations

There are other, already studied approximations of high
generality. We briefly compare our new definition with two
of these: solving 2D Padé approximations with either of
these are possible but less direct as the manner we propose
in Section 2.
Slightly paraphrased, a matrix Padé [3] is, given T ∈
F[x]m×s and N, M, τ ∈ Z+ , the task of finding A ∈ F[x]n×m
and B ∈ F[x]n×s such that AT ≡ B mod xτ while deg A ≤
N and deg B ≤ M , and A has full rank. It is not embedded in the definition that the rows of A should in any way
represent the smallest solutions, or equivalently, that A is
row reduced. Therefore, though the congruence part of 2D
Padé approximations can be emulated with matrix Padé, we
can not simply choose any off-the-shelf algorithm for matrix

Padé and apply.
The related “Order bases” [3] embeds this kind of minimality, but does so by requiring a complete basis of solutions:
given T ∈ F[x]m×s and an order τ ∈ Z+ , the order basis is
a matrix A ∈ F[x]n×m whose rows span the F[x]-module of
vectors a ∈ F[x]m satisfying aT ≡ 0 mod xτ . Furthermore,
A should have minimal row degree, or rather, it should be
in weak Popov form, see Section 2. Unweighted, symmetric
2D Padé approximations where all Gj are the same power of
x can be solved as an order basis: set T = [S > | −I]> , and
then (Λ1 , . . . , Λρ , . . . , Ω1 , . . . , Ωσ ) will be a minimal-degree
row in the order basis. For asymmetric 2D Padé, we instead
find the minimal-degree row with leading position at most ρ.
When the Gj are different powers of x, we can multiply the
columns of T by x-powers in an appropriate way such that
one value of τ = maxj {deg Gj } suffice for the congruence.
For general Gj , one would need to convert to a larger order basis problem. One approach is to set T = [S > | −I |
diag(G1 , . . . , Gσ )]> and set τ large enough so that the required congruence actually lifts to an equality for all rows
in the found order basis. Another approach is solve the 2D
Padé approximation by row reduction, using Section 2, and
solve this row reduction using an order basis computation as
explained in [8]. This has the advantage of immediately carrying over the solutions from this paper for handling weights.
In either case the order basis problem considered will have
more rows than ρ + σ and seemingly attempts to capture
more information than we are interested in. The asymptotic complexity is completely unharmed, though, so one
can therefore sensibly use order bases for solving 2D Padé
approximations.

2.

SOLUTION BY ROW REDUCTION

Let some unweighted 2D Padé approximation problem be
given; i.e we are seeking the s = (Λ1 , . . . , Λρ , Ω1 , . . . , Ωσ )
such that the congruences (1) are satisfied, and such that
deg s is minimal. If we are solving an asymmetric approximation, we also wish LP(s) ≤ ρ. Consider first the space
M of all vectors (λ1 , . . . , λρ , ω1 , . . . , ωσ ) ∈ F[x]ρ+σ which
satisfy only the congruence equations:
Pρ
mod Gj , for j = 1, . . . , σ
(2)
i=1 λi Si,j ≡ ωj
M forms an F[x]-module. In fact, we have
Proposition 1. M is generated as an F[x]-module by the
rows of M ∈ F[x](ρ+σ)×(ρ+σ) where


S
I
M=
0 diag(G1 , . . . , Gσ )
Proof. Equation (2) is easily seen to be satisfied for each
row of M , so by F[x]-linearity, it is satisfied for every vector
in M. Contrarily, for any vector v = (λ1 , . . . , λρ , ω1 , . . . , ωσ )
satisfying (2) there must exist p1 , . . . , pσ ∈ F[x] such that
P
ρ
i=1 λj Si,j +pi Gi = ωi wherefore v = λ1 m1 +. . .+λρ mρ +
p1 mρ+1 + . . . + pσ mρ+σ , where mi are the rows of M .
To solve the 2D Padé approximation we can seek a vector of minimal degree in the row space of M , and in the
asymmetric case, also subject to having leading position at
most ρ. We will see that in the weak Popov form for polynomial matrices, which was introduced in [10], such vectors
will figure directly as rows:

Definition 2. A full-rank matrix V ∈ F[x]m×m is in
weak Popov form if an only if the leading position of all
rows are different. The orthogonality defect of V is ∆(V ) ,
rowdeg V − deg det V .
We will use “a weak Popov form of U ” for some matrix
U to mean any unimodular equivalent matrix V which is
in weak Popov form. That such a V always exists for any
U follows from e.g. the Mulders–Storjohann algorithm for
computing it; note however that it is not canonical. That a
matrix V is “row reduced” means that rowdeg V is minimal
over all matrices unimodular equivalent to V . It follows
from the lemma below that a matrix in weak Popov form is
row reduced. Sometimes, “row reduced” is defined directly
as the more useful definition of weak Popov form above.
The concept of orthogonality defect was introduced by
Lenstra [9] for estimating the running time of his algorithm
for row reduction; we will use it to a similar effect. The
following lemma gives the foundations for such a use. We
omit the easy proof which can be found in [12]:
Lemma 3 ([12, Proposition 2.5]). If a matrix V over
F[x] is in weak Popov form then ∆(V ) = 0.
Clearly we always have ∆(V ) ≥ 0 so since the determinant
is the same for any basis of the module for which V is a
basis, ∆(V ) measures how much rowdeg V is greater than
the minimal degree possible.
Definition 4. The value of a vector ψ : F[x]m → N0 is
ψ(v) = m deg v + LP(v)
The following well-known result is key to our method:
Proposition 5. Let V ∈ F[x]m×m be a basis in weak
Popov form of a module V. Any non-zero b ∈ V satisfies
deg v ≤ deg b where v is the row of V with LP(v) = LP(b).
Proof. Since V is a basis of V, there exists p1 , . . . , pm ∈
F[x] such that b = p1 v1 + . . . + pm vm where the vi are the
rows of V . But the vi all have different leading position, so
the pi vi must as well for those pi 6= 0, which in turn means
that their values are all different. Notice that when for two
u1 , u2 with different value, then the value of u1 + u2 is
that of either u1 or u2 . That implies that there is a j such
that ψ(b) = ψ(pj vj ), and this gives LP(b) = LP(v) and
deg b = deg pj + deg vj .
For a 2D Padé approximation, we therefore see that a basis V for M in weak Popov form must contain a row s which
is a minimal solution: if the approximation is symmetric, it
is simply the minimal degree row of V , while if it is asymmetric, it is the minimal degree row of V which has leading
position at most ρ.
Remark 6. For asymmetric 2D Padé approximations, it
is easy to characterise the entire space of solutions, and not
only those of minimal degree, from the weak Popov form, by
extending Proposition 5: from the degrees of the coefficient
polynomials pi we can determine the leading position of any
b ∈ M. This is a reflection of the deeper statement that if V
is in weak Popov form, then its rows form a Gröbner basis
of its row space for a certain module monomial ordering.
See [12, Section 2.1.2 and Theorem 2.35].

Any algorithm which brings F[x]-matrices to weak Popov
form can thus be used to solve the approximation. There exist a number of such algorithms, and whichever is asymptotically fastest on generic, square matrices depends on the relative size of its dimension m and its degree d. The Mulders–
Storjohann [10] has O(m3 d2 ) but with a very low hidden constant. It admits a divide & conquer variant by Alekhnovich
[1] which has O∼(M(m)P(md)). Using the fast order basis algorithm by Giorgi, Jeannerod or Villard [8], or the
one by Zhou and Labahn [20], we have a complexity of
O∼(M(m)P(d)). Plugging the parameters of M into the
last expression, we directly get the corresponding entry in
Table 2 for the unweighted case. However, for the two former algorithms, we will show in the following section how
their complexity estimates can be refined to depend on the
orthogonality defect of the input matrix. Due to its special
form, M has particularly low orthogonality defect:
Lemma 7. ∆(M ) = deg S < ρ maxj {deg Gj }
Proof. Since M is upper triangular det(M ) =
and the lemma follows.

3.

Qσ

i=1

Gi (x)

MULDERS–STORJOHANN

We will now review the Mulders–Storjohann algorithm
[10] for bringing a matrix to weak Popov form. We consider
only square matrices, though the algorithm also applies to
non-square. This allows a new complexity analysis, tying
the complexity of the algorithm to the orthogonality defect.
This analysis was also presented in [13], where it was utilised
in a fast multi-trial list-decoder for Reed–Solomon codes.
Definition 8. Applying a row reduction on a full-rank
matrix over F[x] means to find two different rows vi , vj ,
deg vi ≤ deg vj such that LP(vi ) = LP(vj ), and then replacing vj with vj − αxθ vi where α ∈ F and θ ∈ N0 are
chosen such that the leading term of the polynomial LT(vj )
is cancelled.

Lemma 10. The Mulders–Storjohann algorithm
is correct.
P
It performs fewer than K = m∆(V ) + m
i=1 (LPvi − i) ≤
m∆(V ) + 21 m2 row reductions on input V with rows vi . It
has complexity O(mK deg V ) ∈ O(m2 ∆(V ) deg V ).
Proof. Since we can apply a row reduction on a matrix if and only if it is not in weak Popov form, the algorithm must bring V to weak Popov form in case it terminates. Since all we have then done is row operations, the
resulting matrix must have the same row space as the input. Termination follows directly from Lemma 9 since the
value of a row decreases each time a row reduction is performed. We will be more precise, though. Denote by V the
input to the algorithm and by U the output in weak Popov
form, and let ui , vi denote the rows of these matrices. Then
rowdeg (U ) = deg det(U ) = deg det(V ) and the LP(ui ) are
all different. The total number of row reductions is then
upper bounded by:

Pm
i=1 ψ(vi ) − ψ(ui )
P
≤ m(rowdeg (V ) − rowdeg (U )) + m
i=1 (LP(ui ) − LP(vi ))
Pm
≤ m∆(V ) + i=1 (LPvi − i)
For the asymptotic complexity, note that during the algorithm, no polynomial in the intermediate matrix will have
larger degree than deg V . One row reduction consists of m
times scaling and adding two such polynomials.
For generic square matrices V the orthogonality defect
is O(m deg V ); therefore the above complexity estimate relaxes to the same as in [10]. However, we have:
Corollary 11. Solving an unweighted 2D Padé approximation by applying the Mulders–Storjohann algorithm to M
has complexity O(ρ(ρ + σ)2 maxj {deg G2j }).

Proof. We can’t have deg vj0 > deg vj since all terms of
both vj and αxδ vi have degree at most deg vj . If deg vj0 <
deg vj we are done since LP(vj0 ) < m, so assume deg vj0 =
deg vj . Let h = LP(vj ) = LP(vi ). By the definition of
LP, all terms in both vj and αxδ vi to the right of h must
have degree less than deg vj , and so also all terms in vj0
to the right of h satisfies this. The row reduction ensures
0
that deg vj,h
< deg vj,h , so it must then be the case that
LP(vj0 ) < h.

Alekhnovich showed in [1] how to accelerate the Mulders–
Storjohann with fast multiplication. His algorithm calculates the same row reductions, but they are bundled and
structured in a binary tree which allows matrix multiplication techniques to reduce the quadratic dependence on
deg V . The reported complexity is O∼(M(m)P(m deg V )).
However, by the observations on orthogonality defect as
above, this can be immediately improved to O∼(M(m)∆(V )).
More details can be found in [11]. We therefore get the improved complexity as given in Table 2.
For ρ ∈ ω(1), this is still asymptotically worse than the
fast algorithms GJV and Zhou–Labahn. However, ρ ∈ O(1)
is still an interesting special case, including e.g. multi-sequence
linear-feedback register synthesis, and here one would need a
deeper analysis and/or experimentation to determine which
algorithm is fastest.

The elegant Mulders–Storjohann algorithm is now succinctly described as Algorithm 1.

4.

Lemma 9. If vj0 is the vector replacing vj in a row reduction, then ψ(vj0 ) < ψ(vj ).

Algorithm 1 Mulders–Storjohann
Input: V ∈ F[x]m×m , a basis of V.
Output: A basis of V in weak Popov form.
1 Apply row reductions on the rows of V until no longer
possible.
2 return V .

THE DEMAND–DRIVEN ALGORITHM

We will show how Mulders–Storjohann admits a wholly
different variant, but only when applied to 2D Padé approximations. This variant, which we call the Demand–Driven
algorithm, is an improvement when ρ is small and when all
or most Gj are sparse, i.e. have few non-zero coefficients.
The intuitive idea is very simple: for any basis of M, it is
basically sufficient to keep track of only its ρ first columns,
as the remaining columns can be computed from these. By
keeping track of the leading position for each row, one then

computes the other entries only when the need arise. Formalising and proving the resulting algorithm is unfortunately
somewhat technical. The result is Algorithm 2.
Algorithm 2 Demand-Driven algorithm


S
I
 .
M=
Input:
0 diag G1 , . . . , Gσ
Let mi be the rows of this matrix.
Output: The first ρ columns of a basis of M in weak Popov
form.
1 Λ = first
 ρ columns of M . Denoteits rows by λi .
2 θi , αi = deg(mi ), LC(LT(mi )) for i = 1, . . . , ρ + σ

3 W = (i, LP(mi )) | 1 ≤ i ≤ ρ ∧ LP(mi ) 6= i
4 while W 6= ∅ do
5
(i, h) = pop(W )
6
if θi < θh then swap (λi , αi , θi ) and (λh , αh , θh )
αi θi −θh
x
λh
αh

7

λi = λi −

8

repeat
(θi , h) = previous(θi , h)
αi = coefficient
to xθi in

λ
i,h
Pρ
j=1 λi,j Sj,h−ρ mod Gh−ρ

9
10
11

until αi 6= 0
if i 6= h then
if (h, j) ∈ W for some j then
swap (λi , αi , θi ) and (λh , αh , θh )
replace (h, j) with (i, j) in W .
else
push(W, (i, h))

12
13
14
15
16
17
18
19

if h ≤ ρ
otherwise

To begin, we will overload ψ to N0 × {1, . . . , ρ + σ} → N0
by ψ(θ, h) = (ρ + σ)θ + h, i.e. for any non-zero v ∈ F[x]ρ+σ ,
ψ(v) = ψ(deg v, LP(v)). We will also use the helper function previous(θ, h) which gives the degree and leading position for the “previous” possible value, that is:

(θ, h − 1)
if h > 1
previous(θ, h) =
(θ − 1, ρ + σ) if h = 1
We will prove the correctness of Algorithm 2 by showing that the computations correspond to a possible run of a
slight variant of Mulders–Storjohann; first we need a technical lemma on this variant:
Lemma 12. Consider the Mulders–Storjohann with input
M . Consider now a variant of the algorithm where we, when
replacing some vj with vj0 in a row reduction, instead replace
it with
=

0
0
0
(vj,1
, . . . , vj,ρ
, vj,ρ+1

mod

0
G1 , . . . , vj,ρ+σ

We will say for a matrix U that there is a “collision on
(i, j)” if one could perform a row reduction involving uj
and ui , i.e. i 6= j, LP(ui ) = LP(uj ); we will also say that
these rows are “involved in a collision”. Now the proof of
correctness; it essentially just establishes that W is a “worklist” containing indices of rows involved in a collision, which
means we should at some point row reduce it. All indices
i not in W have been “parked” such that LP(vi ) = i, and
they will only be used further in the algorithm if there is a
row named in W with leading position i.
Theorem 13. Algorithm 2 is correct.

return Λ

vj00

non-zero, to v 0 . Since gh is a row in M , then as long as
this has not yet been row reduced, the (ρ + h)th position
reduction is allowed. Notice that if ψ(v 0 ) < ψ(gh ) then the
modulo reduction on the (ρ + h)th position is void.
Introduce now a loop invariant involving Jh = {gh }, a
subset of the current rows in V having two properties: that
gh can be constructed as an F[x]-linear combination of the
rows in Jh ; and that each v ∈ Jh has ψ(v) ≤ ψ(gh ). After
row reductions on rows not in Jh , the (ρ + h)th modulo reduction is therefore allowed, since gh can be constructed by
the rows in Jh . On the other hand, after a row reduction
on a row v ∈ Jh by some vk resulting in v 0 , the hth modulo
reduction has no effect since ψ(v 0 ) < ψ(v) ≤ ψ(gh ). Afterwards, Jh is updated as Jh = Jh \ {v} ∪ {v 0 , vk } and the
loop invariant is kept since ψ(vk ) ≤ ψ(v).
Since ψ(vj00 ) ≤ ψ(vj0 ) the proof of Lemma 10 shows that
the number of row reductions performed is not greater than
in the original Mulders–Storjohann.

mod Gσ )

This does not change correctness of the algorithm or the upper bound on the number of row reductions performed.
Proof. Correctness follows if we can show that each of
the σ modulo reductions could have been achieved by a series
of F[x] row operations on the current matrix V after the row
reduction producing v 0 , since then V would remain a basis
of M.
Consider the modulo reduction on the (ρ + h)th position
for some h. This could be achieved by adding a multiple of
the vector gh = (0, . . . , 0, Gh , 0, . . . , 0), with position ρ + h

Proof. Let V be the matrix continually changing in the
variant of Mulders–Storjohann described in Lemma 12. For
notational convenience, and simplicity in the description of
Algorithm 2, we will consider a further variant of Mulders–
Storjohann where we sometimes swap two rows, to be described momentarily.
Let us write (i, ?) ∈
/ W to mean ¬∃j.(i, j) ∈ W , and
similarly for (?, i) ∈
/ W . We will then demonstrate that
each iteration of Algorithm 2 corresponds to exactly one
row reduction on V , and that the following loop invariants
hold:
1. Λ is the first ρ columns of V ;
2. αi xθi is the leading monomial of LT(vi );
3. If there is a collision (i, j) then ∃k.(i, k) ∈ W ∨ (j, k) ∈
W;
4. If (i, h) ∈ W then i 6= h and LP(vi ) = LP(vh ) = h;
5. For any i, there is at most one pair in W with first
position i.
6. If (i, ?) ∈
/ W then LP(vi ) = i;
The invariants are confirmed to be true after initialisation;
assume now they are true on entry of an iteration, and we
will show they are true on exit. Once Algorithm 2 terminates, by Invariant 3 then there are no collisions, so V is in
weak Popov form, so by Invariant 1 the result is correct.
If W 6= ∅, then by Invariant 4 there is a collision (i, h), and
the considered variant of Mulders–Storjohann could have

chosen to perform a row reduction on this. Invariant 4 implies that (?, i) ∈
/ W and (h, ?) ∈
/ W , and that Invariant 5
then implies that no other element in W contains i.
Now comes the promised swap in our Mulders–Storjohann
variant: we will possibly perform a swap of rows of V such
that the row to be reduced is vi ; i.e. if deg vi < deg vj we
swap, which is exactly when θi < θj in Line 6. We note
that the Invariants 1 and 2 are maintained since everything
involved is swapped. The remaining invariants never distinguish the two swapped rows, which means all non-violations
and violations are kept intact. Thus for the remainder of
the proof, we can assume that no swap was performed since
this will be indistinguishable from the other case.
In Line 7 we perform the actual row reduction, and Invariant 1 is seen to be maintained, due to Invariant 2. The ensuing loop is for maintaining Invariant 2: it will go through
possible degrees and leading positions of the updated row vi
in descending order of ψ until it finds one with non-zero
coefficient. Note that ψ(vi0 ) < ψ(vi ), so the loop initiates correctly. The calculation in Line 11 is also exactly
correct for the considered variant of Mulders–Storjohann,
cf. Lemma 12.
Refer to V 0 with rows vi0 as V after this row operation,
and refer to h0 as the updated value of h. Thus LP(vi0 ) = h0 .
The last thing is then to maintain Invariants 3–6. Note that
all possible violations must involve i since only for i we have
vi0 6= vi . We distinguish the three cases of the if-statements:
• i = h0 : Then vi0 cannot be involved in any collision: for if
there was a j 6= i such that (j, i) is a collision in V 0 , then
LP(vj ) = LP(vj0 ) = LP(vi0 ) = i which means that (j, i) ∈
/
W due to Invariant 4 holding on entry of the iteration (at
which time LP(vi ) 6= i); but then (j, ?) ∈
/ W which means
LP(vj ) = j by Invariant 6. Thus, we must have j = h0 = i
but this was false by assumption. Since then vi0 is involved
in no collisions, the remaining invariants are seen to hold
since: all possible violations to them must involve i; since
i is no longer in any pair of W ; and since LP(vi0 ) = i.
• i 6= h0 and ∃j.(h0 , j) ∈ W : That means (?, h0 ) ∈
/ W by
Invariant 4 at iteration entry, and since (?, i) ∈
/ W , we do
not create violations to the invariants by swapping vi0 and
vh0 0 when also replacing (h0 , j) with (i, j) in W . After this
swap, we have LP(vh0 0 ) = h0 , and invariants involving i all
hold. There now can’t be any collision involving vh0 0 : for
if there was a k 6= h0 with LP(vk0 ) = LP(vh0 0 ) = h0 , then
also LP(vk ) = h0 . But at iteration entry, by Invariant 6,
since k 6= h0 then (k, ?) ∈ W , which means by Invariant 4
that (k, h0 ) ∈ W and LP(vh0 ) = h0 . This contradicts
LP(vh0 ) = j from (h0 , j) ∈ W . Summarily, since we then
have removed the only element in W involving h0 and since
LP(vh0 0 ) = h0 , the invariants are again maintained.
• i 6= h0 and (h0 , ?) ∈
/ W : By Invariant 6, we have LP(vh0 ) =
h0 and so (i, h0 ) is a collision, meaning the invariants are
maintained by adding (i, h0 ) to W .

The algorithm is very straight-forward to analyse, and we
can even include the leading constant:
Proposition 14. Algorithm 2 performs at most

2(ρ + 1)2 (ρ + σ)γPG (γ) + O ρ(ρ + σ)γ

field multiplications, where γ = maxj {deg Gj }, and PG (γ)
is the cheaper of P(γ) and γ maxj {#supp(Gj )}. It uses
2ρ(ρ + σ)γ + O((ρ + σ)γ) field elements of memory.
Proof. Notice that the complexity of executing Line 11
is at most (ρ + 1)PG (γ): for we can compute this one coefficient either by ρ multiplications and one division of polynomials of degree at most γ; or we can in each product
λi,j Sj,h−ρ compute only the supp(Gh−ρ ) single coefficients
influencing the xθi -coefficient of the remainder.
Each iteration through the repeat loop will decrease the
upper bound on ψ(vi ), so by arguments exactly like those of
the proof of Lemma 10, the total number of times through
the repeat loop is at most the number of row reductions by
Mulders–Storjohann, i.e. (ρ+σ)(∆(M )+ρ). Apart from the
Line 11, only Line 7 is not O(1), and this has complexity at
most O(ρ deg(M )) ⊂ ρPG (γ). Multiplying the number of
iterations with the cost per iteration yields the result. The
main memory requirement is for Λ and S, and otherwise
only asymptotically lesser amounts.
Remark 15. Algorithm 2 bears a striking resemblance
to the Berlekamp–Massey algorithm [4] and various generalisation, e.g. for synthesising multi-sequence LFSRs [16],
or for solving Roth-Ruckenstein “key equations” [15]. The
Mulders–Storjohann algorithm can be considered a generalisation of the Extended Euclidean algorithm, so this resemblance generalise the long-known correspondence between
the Euclidean algorithm and the Berlekamp–Massey [5,7] to
the much more general case of 2D Padé approximations.

5.

ADDING WEIGHTS

We now study the weighted variant of the problem. We
are therefore again seeking s = (Λ1 , . . . , Λρ , Ω1 , . . . , Ωσ ) ∈
F[x]ρ+σ such that the congruence (2) holds, but now such
that maxi,j {ν deg Λi + ηi , ν deg Ωj + µj } is minimised. If we
are solving an asymmetric approximation, we furthermore
wish that maxi {ν deg Λi + ηi } > maxj {ν deg Ωj + µj }.
We will introduce two injective mappings for matrices such
that finding a weak Popov form of the image of M under
either will solve the weighted approximation problem. The
first is a straightforward embedding of the weights but carries a computational penalty if one can not handle it specifically within the row reduction algorithm. The second we
derive from the first to mitigate this problem.
First the straightforward map Φ : F[x]ρ+σ 7→ F[x]ρ+σ :

Φ (v1 , . . . , vρ+σ ) = xη1 v1 (xν ), . . . , xηρ vρ (xν ),
xµ1 vρ+1 (xν ), . . . , xµσ vρ+σ (xν ))
Extend Φ element-wise to sets of vectors, and extend Φ rowwise to (ρ + σ) × (ρ + σ) matrices such that the ith row of
Φ(V ) is Φ(vi ), where vi are the rows of V . Note that Φ(M)
is a free F[xν ]-module of dimension ρ + σ, and that any basis
of it is by Φ−1 sent back to a basis of M.
Proposition 16. A minimal solution to the weighted 2D
Padé approximation problem is the Φ−1 -image of a vector
in Φ(M) with minimal degree, and if the approximation is
asymmetric, of only those vectors with LP at most ρ.
Proof. This follows immediately since for any vector v =
(v1 , . . . , vρ+σ ) ∈ F[x]ρ+σ , then deg Φ(v) = maxi,j {ν deg vi +
ηi , ν deg vρ+j +µj }, and LP(Φ(v)) ≤ ρ ⇐⇒ maxi {ν deg vi +
ηi } > maxj {ν deg vρ+j + µj }.

The above proposition together with Proposition 5 therefore immediately gives a method for solving the weighted
approximation problems: simply find a weak Popov form3
of Φ(M ), where M is from Proposition 1. However, since
deg Φ(M ) ≥ ν deg M we should expect a penalty in performance of at least a factor ν from doing this. To mitigate this
problem, we now derive a second mapping. It can already
be mentioned, though, since we will need it for the Demand–
Driven algorithm later, that the Mulders–Storjohann can be
implemented to not suffer this ν penalty, even under the direct Φ-mapping.
For notational convenience, let w = (w1 , . . . , wρ+σ ) =
(η1 , . . . , ηρ , µ1 , . . . , µσ ). For the improved mapping, consider
first the permutation π of [1, . . . , m] indirectly defined by
π(i) > π(j) ⇐⇒ (wi mod ν) > (wj mod ν)

∨ (wi mod ν) = (wj mod ν) ∧ i > j
This is seen to be well-defined. Extend now π to elements of
F[x]ρ+σ such that π permutes the positions of such vectors.
Our desired mapping is now Ψ:


Ψ (v1 , . . . , vρ+σ ) = π (xbw1 /νc v1 , . . . , xbwρ+σ /νc vρ+σ )
Proposition 17. For any v ∈ F[x]ρ+σ then
(π −1 ◦ LP ◦ Ψ)(v) = (LP ◦ Φ)(v)
Proof. Let vi be the elements of v, and h = (LP ◦ Φ)(v).
We will prove that no index but π(h) can be (LP ◦ Ψ)(v).
Consider first some j > h. By the definition of h then
ν deg vh + wh > ν deg vj + wj ,
deg vh + bwh /νc +

wh mod ν
ν

i.e.

> deg vj + bwj /νc +

(3)

wj mod ν
ν

So either deg vh + bwh /νc > deg vj + bwj /νc, or they are
equal and wh mod ν > wj mod ν. In the first case, then
clearly π(j) can’t be (LP ◦ Ψ)(v) due to degrees. In the
second case the degrees of Ψ(v) at positions π(h) and π(j)
are tied, but we have π(h) > π(j), which means that π(j)
can’t be the LP.
Consider now some j < h, so we have the same inequality
(3) but with > replaced by ≥. If sharp inequality really
holds, then we can continue as before, so assume instead
that equality holds. That implies both deg vh + bwh /νc =
deg vj + bwj /νc and wh ≡ wj mod ν. So the degrees of
Ψ(v) at positions π(h) and π(j) are tied, but then since
h > j, we have π(h) > π(j). Again, π(j) is not the LP.
Corollary 18. For any V ∈ F[x]ρ+σ , then Φ(V ) is in
weak Popov form if and only if Ψ(V ) is in weak Popov form.
The algorithm is then clear: to solve the weighted 2D Padé
approximation problem, simply compute a weak Popov form
of Ψ(M ). The row with minimal degree—and in the asymmetric case, among only those with leading position among
π(1), . . . , π(ρ)—is the solution. This works immediately for
the general row reduction matrices. The following lemma
can be used for calculating the resulting complexities:
3
Since Φ(M) is an F[xν ]-module, and not F[x], then it is not
immediately obvious that computing a weak Popov form of
Φ(M ) will not result in a matrix with rows outside Φ(M).
However this turns out to not be the case, which can easily
be proved for Mulders–Storjohann and then generalised, see
[12, Proposition 2.26]

Lemma 19.
deg Ψ(M ) = γ

∆(Ψ(M )) ≤ deg Ψ([I | S]) ≤ ργ

where γ = maxi,j {bηi /νc, Gj + bµj /νc}.
Proof. The degree is obvious. For the orthogonality defect, the determinant follows from Ψ(M ) having been an upper triangular matrix before the column permutations.

5.1

Handling weights Demand–Drivenly

For Algorithm 2, however, the permutations performed by
Ψ would make it messy to describe. Instead, we are going
to use the more direct mapping Φ, and prove that for this
algorithm, there is no performance penalty for ν.
Only certain ψ-values are possible for the vectors of Φ(M),
so first the definition of previous needs to be generalised to
still provide the degree and leading position of the previous
possible value:
previous(θ, h) = arg max
{ψ(θ0 , h0 ) | ψ(θ0 , h0 ) < ψ(θ, h)
0 0
θ ,h

∧ θ 0 ≡ w h0

mod ν}

Just as with π, this function is easily calculable though it is
cumbersome to write down a direct description.
The Mulders–Storjohann with input Φ(M ) exhibits structurally the same behaviour as with input M ; it is therefore
not surprising that we can make a demand–driven recasting
for this case also. In fact, apart from the more general definition of previous, this recast is exactly as in Algorithm 2
except for the following details:
• Input is now Φ(M ) and the mi are its rows.
• The output of the algorithm is now the first ρ columns
of a basis of Φ(M) in weak Popov form.
• In Line 11, the polynomial from which to choose the
coefficient to xθi for the case h > ρ is now:
Pρ
−ηj
λi,j S̃j,h−ρ mod G̃h−ρ ,
j=1 x
S̃j,h−ρ = xµh Sj,h−ρ (xν ) and G̃h−ρ = xµh Gh−ρ (xν ).
The proof that this amended algorithm works correctly is
exactly like in Theorem 13: first we get a statement equivalent to Lemma 12 but for Φ(M ), and then all the invariants
used in Theorem 13 are again shown to be fulfilled. The
change to Line 11 is correct since the V will at position
(i, h) have exactly this element.
For complexity, we first need to bound the number of iterations through the loop; this is done by bounding how many
row reductions Mulders–Storjohann with input Φ(M ) would
do. The fact that only certain ψ-values are possible implies
that this number is roughly 1/ν’th of what the degree of
Φ(M ) would have us think:
Lemma 20. The number of row reductions performed by
Mulders–Storjohann on Φ(M ) is less than ρ(ρ + σ)(γ + 1)
where γ is as in Lemma 19.
Proof. Observe that for any v ∈ M, if we let h =
LP(Φ(v)) we have
ψ(Φ(v)) = (ρ + σ)(ν deg vh + wh ) + h
≡ (ρ + σ)wh + h

mod (ρ + σ)ν

That is, on any given interval of size (ρ + σ)ν, then ψ(Φ(v))
can attain at most ρ + σ of the values, depending on the

value of LP(Φ(v)). Continuing as in the proof
Lemma 10,
P of −1
(ψ(vi ) −
the number of row reductions is at most ρ+σ
i=1 ν
ψ(ui )), which simplifies to the statement.
Proposition 21. The amended Algorithm 2 on input Φ(M )
performs at most

2(ρ + 1)2 (ρ + σ)γPG (γ) + O ρ(ρ + σ)γ
field multiplications, where γ is as in Lemma 19, and PG (γ)
is the cheaper of P(γ) and γ maxj {#supp(Gj )}. It uses
2ρ(ρ + σ)γ + O((ρ + σ)γ) field elements of memory.
Proof. As in the proof of Proposition 14, then Lemma 20
gives an upper bound on the number of iterations of the
main loop as well as executions of Line 11. This critical line
costs PG (γ) by exactly the same arguments as in Proposition 14 combined with the observation that all the involved
polynomials are sparse with only every ν coefficient possibly
non-zero; therefore computations with them cost as if their
degree was only 1/ν’th.

6.

CONCLUSION

We introduced the 2D Padé approximations, a general
form of approximations for polynomials over fields which includes several earlier types as special cases. Inspired by various applications we introduce two types of these: the traditional “symmetric” Padé approximation, and the “asymmetric” form. We furthermore consider both types in a weighted
form, where the priority of the various terms of an approximation can essentially be “shifted” by rational numbers.
Using off-the-shelf row reduction algorithms, we showed
how these approximations can be solved efficiently. It speaks
for the naturalness of the approximation’s definition that the
matrices to be row reduced have low dimension; lower than
had we solved them using one of the already studied, general
approximation types matrix-Padé or order bases.
The Mulders–Storjohann is such a row reduction algorithm, and we showed that one can in general describe its
complexity based on the orthogonality defect of the input
matrix. As a corollary, both it and its divide & conquer variant by Alekhnovich performs faster than initially expected
on 2D Padé approximations.
In any basis of the lattice induced by a 2D Padé approximation problem, if it is seen as a matrix, there is a
large redundant part. With this observation, we recast the
Mulders–Storjohann to perform the computations on demand. This yields a “Demand–Driven” algorithm which
often has lower time and memory complexity. This algorithm has been implemented in Sage [17] and is available at
http://jsrn.dk/codinglib
For future work, it seems possible that when applying the
Mulders–Storjohann for solving asymmetric 2D Padé approximation, one can carefully order the row reductions in
such a way that once a solution appears, this must be minimal, and one can stop the computation. For the Demand–
Driven algorithm, this would be particularly interesting, since
one could then bound the complexity by the degree of the
smallest solution, instead of the degree of the input matrix.

7.
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